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The Muskat Equation with surface tension

Consider two incompressible fluids with different densities and
same viscosity in a porous media. The dynamic of the interface
between these two fluids is given verifies the following contour
integral formulation :

ok fo(x, t) (F(x, 1) — f(x — y, t))

fe(x, t) = 2eul '/R Y2+ (f(x,t) = f(x — y, 1))
Oty (ok(f) — gpf) (x,t) dy,

f(x,0) = fo(x)

(Mo) :

k = permeabily of the porous media, oc=surface tension coeff,
p=viscosity, p=difference of the densities, g=gravity, k=curvature
of the interface

Omar Lazar On the Muskat problem with Surface Tension



» This formulation appears in a paper by A-V Matioc and B-V
Matioc (Journal of Elliptic and Parabolic Equations, '21)

_ kL [y (F(xt) — f(x —y 1))

68 = P /R Y2+ (F(x, 1) = f(x — y, 1))
Ox1y (ok(f) — gpf) (x,t) dy,

f(x,0) = fo(x)

(M) :

Where k(f) = k(f(x,t)) is the curvature operator of the moving
interface {y = f(x,t) + tV} with constant speed V, where V € R.
The curvature operator is defined as follows

Oxf (X, t)

K(f) = 2
) (14 (0uf(x,1))?)>
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2 _
W_zp_v_/1+axf(x)Aaf(x)8X< 02f(x — ) )da
T

1+ AZf(x) (1+ f(x —a)?): ) o
—|— — pV /0 arctan A, f da,
f(x,O) = fo( )-
When o = 0, the equation is, by now, quite well understood, in

particular, the critical regularity issue (in Sobolev) has been already
treated in Cérdoba-L ('21). In this talk, | will present only the
critical Sobolev regularity estimates in the case g = 0.
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Lo [ 0F(0)AF(x) Oifx—a) | da
8tf—27r p. / 1+A§f(x) 8x <(1+&(X_a)2);> «
f(x,0) = fy(x).

Critical spaces?
If f is a solution to the PDE above then, for any A > 0, the family

of functions
fu(x, t) == AT (x, A3t)

is also a solution for any initial A= f(\x). Hence, examples of

critical spaces are Fy1 (Wiener algebra, [ |¢]|f(€)|d¢ < o), Whee
-3

and H2
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The literature is by now very vast in the case o = 0, few of them
are

Local existence in any subcritical Sobolev spaces
e B. Pausader, H. Nguyen (ARMA, '20)

e T. Alazard, O.L (ARMA, '20)
e H. Abels, B-V Matioc (Eur. Journal of Applied Math, '23)
e P. Constantin, D. Cérdoba, F. Gancedo, R. Strain (JEMS, '13)
e P. Constantin, F. Gancedo, R. Shvydkoy, V. Vicol (AIHP, '15)
e F. Lin, L. Zhen (CPAM, '17)
S. Cameron (A& PDE, '18)
D. Cérdoba, O. L. (AENS '21)
F. Gancedo and O.L (ARMA, '22)
T. Alazard, HQ Nguyen (CPDE, APDE, CMP, AIM '21-'22)
K. Chen, HQ Nguyen, Y. Yu (TAMS '23)
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Some authors (and many others) has studied the other
desingularizations, mild solutions...

@ J. Shi, degenerate regularity near the turnover points (ArXiv)

o E. Garcia-Judrez, J. Gdmez-Serrano, HQ. Nguyen and B.
Pausader (AIM, '22)

o E. Garcia-Judrez, J. Gdmez-Serrano, S. V. Haziot, and B.
Pausader (arXiv)

o F. Gancedo, E. Garcia-Judrez, N. Patel, and R. M. Strain,
Muskat with viscosity jump (AIM '19) [global large slope is an
open probleml].
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Singularity and lack of uniqueness (stable/instable regime
@ A. Castro, D. Cérdoba, C. Fefferman, F. Gancedo, and M.
Lopez-Fernandez (RT breakdown, Annals of Math, '12)

@ A. Castro, D. Cérdoba, C. Fefferman, and F. Gancedo (ARMA
'13).

e D. Cérdoba, J. Gdmez-Serrano, and A. Zlatos (A& PDE,
PTRSL '15)

F. Gancedo, R. Strain (PNAS '14)
A. lonescu, C. L. Fefferman and V. Lie (Duke Math '16)

A. Zlatos (sing in the half-plane from arbitrarily smooth small
data), Arxiv '24
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When o > 0 critical regularity is less studied (many open questions
regarding singularities).

D. M. Ambrose, The zero surface tension limit of
two-dimensional interfacial Darcy flow, J. Math. Fluid Mech., 16
(2014), pp. 105-143.

J. Escher, B.-V. Matioc and C. Walker, The domain of
parabolicity for the Muskat problem. Indiana Univ. Math. J. 67,
679-737, 2018.

B.-V. Matioc, Viscous displacement in porous media : the Muskat
problem in 2D, Trans. Amer. Math. Soc., 370 (2018), pp.
7511-7556.

H. Q. Nguyen, On well-posedness of the Muskat problem with
surface tension, Adv. Math., 374 (2020), p. 107-144.

P. Flynn and Huy Q. Nguyen, The vanishing surface tension
limit of the Muskat problem. Communication in Mathematical
Physics, Volume 382, pages 1205-1241, (2021)

A-V Matioc and B-V Matioc, A new reformulation of the
Muskat problem with surface tension, Journal of Differential
Equations (2023)



The main result

Theorem (L, 2024)

. . 5
There exists a universal constant C > 0, such that for any fo € H2
satisfying

3
2
(Clfell 43 + CIE s + 1ol 431 ls: ) (2 + 1ol ) <1,

there exists a unique global solution f to the Muskat problem with
surface tension which verifies

f e L]0, 00], H3) N L2([0, 00], H* N HB3).
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Recall that,

Evaluating at £ = A, f, we find

1

< 5
I OALf) dé.
15 (BT /0 e cos( )
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We also have
1 < s
— = e~ cos(0n) cos(arctann)dd
(1+n?)2 o
Evaluating at 77 = f(x — «) one finds

1
(14 f(x —a)?)

3
2

= /OOO e % cos(8f(x — a)) cos(arctan f(x — «/))dd

With this point of view : Easy to symmetrize and, crucially, one
may use Besov spaces with regularity s € (0,1) and finally it is
easy to compute derivatives !
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With this formulation, we may write

Of = // / cos(yAnf) e 779

Taf
X Ox (8 cos(o7, X)cos(arctan(m&))) dy do da

1
+ fx/Aaf cos(YA,f) e 777
™

2
O, <8X7'af

cos(oTafx) cos(arctan(rafx))> dvy do da

Omar Lazar On the Muskat problem with Surface Tension



Then, we linearize the first term in order to extract some weighted
parabolic term with nice properties plus a controlled term, more
precisely, one uses the decomposition

cos(YAf) =1 — 2sin?(3Anf) to get that

o0 2
O, f = 1// e 70y <6X;O‘fcos(JTan)cos(arctan(Tan))> doda
d 0

Hibert transform

- 2T s Gaene) e

(Prof
X Oy ((XT cos(o 7 fy) cos(arctan(7, fX))> dvy do da

«

+ 1// / fAaf(x) cos(yAnf) e 777
i o Jo

027, f
X Oy <(XT‘ COS((TT(,fX)COS(aI’Ctan(T“,fX))> dvy do da

«

Omar Lazar On the Muskat problem with Surface Tension



of = —NFf / e 7 cos(ofy) cos(arctan(fy)) do
0
+ O« [7—[,/ e~ 7 cos(cofy) cos(arctan(fy)) da} frx
0

b Hbe Oy < / " o7 cos(of,) cos(arctan(,)) da>

_ /// 77 sin?(L 8 )G (F) da dy do

+ // / e 777 f, sin(yAuf) G, (f) da dvy do.
T o Jo

where G,(f) := Ox (6 i Ta f cos(o7afx) cos(arctan(Tan))>
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We need to get ride of f,, we use the identity :
2/ e sin2(%Aa(f)(x)) dry = Aaf/ eV sin(YAaf) d7.
0 0
Then,
2 Y —Y=0 <in2 v
- = e sin (§Aaf)GU(f) da dy do
o Jo

™

+ // / e 777 f, sin(vALf)Gy(f) da dv do.
0 0

™

_ // / e 77 (£, — A F)sin(vALF)Gy(F) da dv do.
0 0

™
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Of = —N3f /oo e 7 cos(ofy) cos(arctan(fy)) do
+ [ / / 779 cos(ofy) cos(arctan(fy)) dvy da} frx
+ Hfo Ox (/0 e~ 7 cos(cfy) cos(arctan(fy)) da)
+ ;//Ooo /Ooo e (£, — Auf)sin(vAaf) Gy (F) da dy do.

where G,(f) := 0x <6 kTaf cos(oTyfy) cos(arctan(Tan))>
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f. — A, f is nicer than £, indeed, we have a nice cancellation

fx_Aozf - fx_

o
milder the strong decay in «).

1 (0%
* Note that 2/ syfx dn is a very nice operator (help to
0

* As well, S,f is a regular term as it allows us to use the
homogeneous Besov spaces with s € [1,2).
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Of = —N3f /OO e 7 cos(ofy) cos(arctan(fy)) do
+ [ / / 7 cos(ofy) cos(arctan(fy)) dvy do} frx
+ Hfo Ox </0 e~ 7 cos(ofy) cos(arctan(fy)) da)
- ;ﬂ//ooo /OOO =17 Suf sin(vDuF)Gy(f) da dy do

_ 1// / e_’Y—U/ syt sin(YAof)Gy(f) dn da dvy do
2m o Jo o

where G, (f) := Oy <8 <ol cos(oTafy )cos(arctan(Ta&))>
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Oscillatory integrals are much more flexible than rational functions
of the slopes. Indeed,

1 1
14 (Aaf)? 14 (Aof + Dof)2 =204 FAf — (Anf)?

However, with the oscillatory integrals [ e 9 cos(6A,f)ds, we

write
;/OOO e °(cos(6Aqf) + cos(6A,f))dd
+% /OOO e %(cos(6Anf) — cos(6AF))dé
then use : cos(a) — cos(b) = —2sin(2L2) sin(352)...
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Reason : Homogeneous Besov spaces when s € [1,2),

< 00,
L7 (R, ~dx)

[2F(x) — F(x — 0) — F(x + ) 1o
IFllgs, =

|af®

For all (p1, p2, 11, r2) € [1,00]* which are such that p; < py and
rn < ry and for all s € R, we have the following continuous

embedding

B (R) o Ba ) (R),

P11

when the third indice is 1, we shall use the following real
interpolation inequality. There exists a constant C > 0, such that
for all (s1,52) € R? and all § € (0,1)

0 1-
11l gospra-oe < [1Fllgn 117152

for all p € [1, 0].
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We study the time evolution of the critical semi-norm H3/2.
1
§8t||f!|§,3/2 = //\3/2f N3/29,f dx = //\3f Of dx.

what is 0;f ?
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O f = 0Oy [7—[,/ e~ 7 cos(ofy) cos(arctan(fy)) da} Oxxf
0

commutator

o0

_ A3F e COS(J&) cos(arctan(fx)) do

weighted dissipation
&)

+ Hfw Ox </ e~ 7 cos(cfy) cos(arctan(f, do)
0
—// e e lsnﬁ( (sin(vAnf) —sin(yAuf)) G,(f) dn dZ
EJo,, ?‘
—// e e as,,f (sin(YAqf) + sin (YAaf)) G,(f) dn dZ

0
_/E T Sof (sin(vAq f) —sin(vAq f)) Go(f) dZ
/Z e 777 Suf (sin(vALf) +sin(yAuf)) G,(f) dZ

where E =R xR, xR, and dZ = ﬁda dvy do,
Gy (f) := 0y (8 Tof cos(aTaf)cos(arctan(rafx)))




With this formulation we find
20l = — [IFR R() ox

+ //\3f Ox [H, R(F)] fix dx

- //\3f Hf OxR(f) dx
+ T
+ ..
+ Te
Where R(f) = [;° e cos(cf) cos(arctan(fy)) do = :

(1+(£)2)2
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T. = /A3f Oy [”H,/ e~ 7 cos(ofy) cos(arctan(fy)) da} foc dx.
0

Then, we see that

T < ||fHI-'I3

Ox {’H,/ e~ 7 cos(ofy) cos(arctan(fy)) da] fex
0

12
Using a commutator estimate

Te < fll gl fll

o < /O " 67 cos(of,) cos(arctan(£)) da>

BMO
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Using the fact that H*/2 < BMO, we find

T. < ||f||,_-,3||f\|H2/ e 7 ||0x (cos(ofx) cos(arctan(fy)))|| .1 do
0

H?2

< Wlaliflle | o€ [focsin(ofy) cosarctan(E)] . dor
0

o0
+ el e [ e

fXX

T(fxy cos(ofy)sin(arctan(fy))

. do
H2

We need to estimate the L2-norm of

N = Az (fxx sin(ofy) cos(arctan(fy)))
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INill S 1l + fclus |[A% (sin(of) cos(arctan(£)) |,

/H5 vl s |9y (sin(ofx) cos(arctan(fy))) || 1+ dy
y[?

Since the function 15 () := sin(o") cos(arctan(-)) is o-Lipschitz, we

have, by Sobolev embedding and the fact that H3/4 is stable by

composition with any outer Lipschitz function (Bourdau-Meyer),
one gets

[n2 e, s

ol e S ol g
and
H(Sy(Si”(UfX) cos(arctan(f)))ll e S dewo(fX)HL“ N UHCSnyHL“

Hence, using the two above inequalities, we infer that

5 fxx 4 (5 f 4
Millie S I1FlLyg + 1713 lIF 15 + /H In H e
v|?
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Therefore,

Ml < IIflls + I1FI s £z

1
10y fxlle xxH : 16, fll2s 2
———— dy
|2 ly|2

S MFllgs + 1N 1Fl 57 +olifl g IF

5
B4
42 B,

2
.5 -g .3 -5 .
Since H2 — B,', and H2 — B} ,, we find that,

Wille < UFlLg + 17l g 171z +ollFll s IF1 s

~
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By interpolation (H® — H%)

Te S UF12s (IFl 53 +1F1%5)
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For the term,
Trem = //\3f Hfo D R(F) dx,

where R(f) = [ e~ cos(cfy) cos(arctan(f,)) do. We notice that

~

Trem < H/\3fHLzH7-LfXX||L4/e"H@X (cos(ofy) cos(arctan(fy))) ||« do

<N o1 /0 (11 0)e | fullie do

Using the Sobolev embedding Hi < L% we find that

Trem 5 Hf||/-/3”f||il%

1 1
Finally, since ||f|| .o < ||f]|%.]|f||? s, we conclude that
H4% H3 H>

Tem < 17126015

~
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Recall that,

T = —1/// / e 177 N3F Sof (sin(YAaf) + sin(vA4f))
41 o Jo

027, f
X Ox cos(o7afy) cos(arctan(7o 1)) | dy do da dx
o'

By using the following straightforward inequalities for any o > 0,

720: _
|sin(vAsf) + sin(yAsf)| < 7]Safl,
and
|0y cos(oTafx)| < 0|Tafixl,
as well as

|0x cos(arctan(7a )| < |Tafixl,

Omar Lazar On the Muskat problem with Surface Tension



One may write that

J[ ] pue e st
o Jo
0 ) 2af
[ ] e sarp |2
0 0 «a

where p, ; = (7(1 + o) Therefore, by using Sobolev interpolation
together with the embedding H3/2 — 85072, we get

21 [ 10 o peraliale [ 1200 a0
S (FI2 +HfHH3Hf||H9/4) 11

S ORI + 1FI2 1 o) 1120

S A2 (1102 + 1F12s,2)

3 1o f
axi dvy do da dx

|fx| dv do da dx

T3

N
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The most difficult term is T4 which require to see a cancellation.

Ny
(/0 sy dn> (sin(vAaf) — sin(vAuf))

027 f
Oy (a cos(aTan)cos(arctan(Tan))> dvy do da dx

X

X

Indeed, we can show that T4 can be rewritten as follows
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I, — /// / / e~ V=7 A3f —snf (sin(vAuf) — sin(yAaf))

OX
X

e COS(O’Ta ) cos(arctan(7, 1)) dn dy do da dx

/// / / oe 777 N3f —snf (sin(vAaf) — sin(yAuf))

2
6&7}} fix sin(o7,fy) cos(arctan(7,f)) dn dv do da dx

N /// / / e NF s (sin(7af) — sin(yBaf)

82Ta
o 1+( (n’ﬂ()
= A+ B+ C.

+

cos(oTyfy)sin(arctan(7,f)) dn dvy do da dx

Then, write 937, f = —0,0%7,f, then integrate by parts in q,
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L / / /°° /O‘” /O e NF —sf (sin(78uf) — sin(yBa )

0 Do Oi1af
T cos(o,fy) cos(arctan(7,fy)) dn dy do da dx

/// / / oe 7 Nf ésﬁf (sin(vAsf) — sin(yAaf))

5‘27'a

Tafw sin(oT,fy) cos(arctan(7,fy)) dn dvy do da dx

/// / / eV NS *Snf (sin(vAaf) —sin(yAuf))

a Ta (Y
a 1+ T(Yf)2

/// / e NS d“{ (sin(vAnf) — sin(yA,f))

/ spfx dn] %07, f cos(o7af,) cos(arctan(r,fy)) dvy do do dx
0 ~——

=—0a0afx

cos(oT,fy)sin(arctan(7,f)) dn dvy do da dx
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e[

02 [sm( D, f)cos( Saf)— / spfx dn]
(0% 2 0

fy cos(oTy fy cos(arctan(Tan)) dvy do da dx

LI

Oa [asm( Dy f)cos( Saf)= /Oasnfx dn]

Tafx sm(UTan) cos(arctan(7,fy)) dv do da dx

LI

X Doy [asm( Daf)cos(25 f sn& dn

OaTafx
dobi—F—
OB ()2
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Importantly, derivatives in o does not destroy the symmetry.

Lemma

The following identities hold,

8a5af — Aocfx - Aa& - sif

a?

2 _ Safex foasnfxx(x) dk Saf
ot = S T T P
0uDaf = —5an_12/ Sofe dre
Q (6% 0
danX aﬁ( 2 @
02Dof = +22 +/ sy dn
@ a? a3 Jy

The proof contains some important cancellations.
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S.f — f(x)—f(x—a) N f(x) = f(x+ «a)

2f(x) — f(x — a) — f(x + «)

We infer that,

« o?

0.5uf = fu(x —a) — f(x + ) n <f(x—a)+f(x+a)—2f(x))

= Aozfx - Aafx - Saf

a?

Next, we want to get a satisfactory expression i.e. involving
symmetric terms for higher derivatives, we find
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PRS.f = - <fo(X—Oé)+ fxx(x—l—a)> +2<fx(x+aa) — fx(x—a)>

«

) <2f(x) —f(x—a)— f(x+ a)>

a3

Since, on one hand,

_(fax—a) the(xta) | _ (= fx(x=0) = (x+a)+2f ()
e
o

and on the other hand,

o a2

(&(x+w)—2fx(x—a)) _ (foafxx(x+n)+fxx(x—n)—2fxx(x) dn)

2fix
o

_l’_
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Therefore, we find

2 . Safxx foa S/{fXX(X) dr Saf
O f = S o SecRI OF ool

This helps to estimate some of the terms of Ty

RN

o2 [sm( D, f)cos( Saf)— / syfx dn]
(0% 2 0

X Ot cos(aTan)cos(arctan(Tan)) dvy do da dx
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For instance,

1 Rl e 1
Tain = /// / e 777 N3 -
™ 0 0 0%

1 (0%
xsin(;Daf)cos(zSQf)a/o syt dn

X 0qfy cos(oTyfy) cos(arctan(,fy)) dy do da dx

1 “syilliz
S 1l [ oallinflls [ 257 dy do
Il \? :
[0 ficl Lo /a Splx|| 2 (/a 4 )2
< IFl, / Pl g dn)  da
1l oy | g n ; n* dn
< IFll sl L oufilli d
S Wl [ loafli do
S Il FlLg 1713
0,1
1 1
< Wl Flg IS, 1915,
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1
Tans S Ifllgelfll s 117

1
1112 s
H?2

3
H?2

1
S Hf”H3HfH25HfH2%
where we used 8020 1= BL 003 8020’00] ., and that
202
[H3, H%]g L= Hz < Bgooo Then, since
3’3

3 1
1713 5 < NPl sll I

we conclude that

Tain S Hf||f;,3||f||Hg

~
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Only one term seems not to be controlled as the others
(ie.< P(Hf||H%)||inI3) The term is

Te114 = /// / oe 777 N}f S, fsm( Dy f)

X
X

Ta e Sin(0Ty fx) cos(arctan(7, fx)) da dvy do dx
This term may be controlled as follows

Saf || oo
Toria < AL / | ”L 10 focll sl el s dr
Hsaf||Loo
< INFle el /
Saf Loo
S IRl 12 / | ”
< I 171,30l
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After many computations, we find

Lot | < U1 (PO ) + 1ol gy
t H3/2 (1 N ‘fx|2)% ~ H3 H3/2 H3/2 Bm’1

Integrating in time gives

/\3f|2 <
(T2 + A iep)l dx ds < [|foll ;s
2

+ /0 11 (7’(|rf\m3/2)+Hflms/szHs;o,l) e

where P(X) = X + X3.
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Then, since 0 < a— 1 + is decreasing, we infer that
(1+a2)2

1 1
3 Z 2 3
1+ 1£P)2 1+ Kli<)>

Finally,

2
(T2, + LI Io]%
H3/2 0 (1 i L2)% ~ 1101 g3/2

)
[ A (PAUFLg) + 1oy ) o

Set L := ||fy| o0
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Thanks for your attention !
& Joyeux anniversaire Pierre Gilles!
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