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Introduction

Some relations existing in the mathematical approaches in fluid dynamic of
the following issues.

1 Energy conservation / Anomalous energy dissipation,

2 Onsager Conjecture,

3 Two critical numbers 0 < 1
3 ≤ 1

2 ,

4 Boundary effect, Kato criteria , Prandlt Von Karman turbulent
boundary layer,

5 Analytic Prandlt Boundary layer and Gortler vortices.

Claude Bardos, Retired . https://www.ljll.math.upmc.fr/ ˜ bardos:Boundary effects in the Euler equations and in the 0 viscosity limit of solutions of Navier Stokes equations with no slip boundary condition. In collaboration with E. Titi , D.Boutros , T. Nguyen and TR. Nguyen Conférence dédiée à Pierre-Gilles Lemarié-Rieusset.November 4, 2024 2 / 25



The “ incompressible solenoidales Euler equations

In Ω× Rt ∂tu + u · ∇u +∇p = 0 , ∇ · u = 0 .

Or for weak solutions ∂tu +∇ : (u ⊗ u) +∇p = 0 ;

With boundary on ∂Ω× Rt u · n⃗ = 0 ;

And ”formally” energy conservation
d

dt

∫
Ω
|u(x , t)|2dx = 0 .

Formally refer to the Onsager conjecture (1949) which relates the
anomalous energy dissipation with a loss in regularity up to the order 1

3 (in
Holder spaces or avatars..)
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The “ incompressible solenoidales Euler equations

In the absence of boundary:

Solutions in L3(0,T ;C 0,α) with α > 1
3 conserve the energy

(Constantin, E, Titi 1994. ).

−∆p = (∇⊗∇) : (u ⊗ u) ⇒ p ∈ C 0,α . (1)

There exist solutions belonging to L3(0,T ;C 0,α) with α < 1
3 that

dissipate the energy: C.DeLellis and L.SzekelyhidiJr. 2009. Then Isett
2018.
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For 1
3
< α more subtle with boundary

With n⃗ an extension of the ”ingoing” normal near ∂Ω :

In Ω −∆p = (∇⊗∇) : (u ⊗ u) (2)

For the boundary:

In Ω , ∂t(u · n⃗) + [∇ · (u ⊗ u)] · n +∇p · n⃗ = 0

⇒ On ∂Ω , [∇ · (u ⊗ u)] · n⃗ +∇p · n⃗ = 0 .
(3)

Formally on ∂Ω u · n⃗ = 0 ⇒ ∂n⃗(u · n⃗)2 = 0

⇒ ∂n⃗p = −[∇ · (u ⊗ u)] · [∇ · (u ⊗ u)] · n⃗ = (u ⊗ u) : ∇n⃗ .
(4)

The standard Holder elliptic regularity gives for k > 1 and formally for
k = 0 .

u ∈ C k,α(Ω) ⇒ p ∈ C k,α(Ω) . (5)
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For 1
3
< α more subtle with boundary

•From the C 0,α regularity of the field u follows the interior C 0,2α

regularity of the of the pressure (cf. Below).
With an extra hypothesis near a small neighbourhood of the boundary on
the pressure the conservation of energy follows CB, Titi 2018.
•As shown by an example below this extra hypothesis on the pressure near
the boundary does not follow from the basic equations (2) (4).
The reason being that under the sole regularity u ∈ C 0,α(Ω) with α < 1

2
the expression ∂n⃗(u · n⃗)2 makes no sense on the boundary.
•However with the introduction of a modified very weak form of the
boundary condition appearing in (4) one shows that the pressure is in
C 0,α(Ω) up to the boundary.
•With such considerations one obtains the energy conservation under the
unique C 0,α(Ω) regularity of the field u.
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Interior double Holder regularity of the pressure. Silvestre

In Ω = Rd or Td a pressure p defined in term of a divergence free vector
field u by the formula:

−∆u = (∇⊗∇)(u ⊗ u)

inherit from u the following properties:

Ω = Rd or Td , u ∈ C 0,α(Ω) ∩ L1(Ω) ∇ · u = 0

⇒

For 0 < α < 1 α ̸= 1

2
⇒ ∥p∥C0,2α ≤ C∥u∥2C0,α .

For α > 1 ,C 2α = C 1,α−1 .

For α =
1

2
p ∈ LipLog = {f |f (x)− f (y)|

|x − y | log( 1
|x−y |)

<∞} .

(6)

LipLog or Lizorkin spaces.
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Interior double Holder regularity of the pressure. Silvestre

(2010) Proof Sylvestre in Rd . Also L. De Rosa, M. Latocca, and G.
Stefani. 2023.

−∆G = δ Green function of−∆

d = 2 ⇒ G (y) =
1

2π
log

1

|y |
d > 2 ⇒ G (y) =

cd
|y |d−2

,

ϕ(y) = G (y − x1)− G (y − x2) , ∂ijG (y) =
|y |2δij − 2yiyj

|y |d+2
,

p(x1)− p(x2) =

∫
p(y)∆ϕ(y)dy

=

∫
(ui (y)− ui (x1))(uj(y)− uj(x2))∂i∂jϕ(y)dy .

The above term is “quadratic” in α” .
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Interior double Holder regularity of the pressure. Silvestre

Introduce: x = x1+x2
2 r = |x1 + x2|

|
∫
(ui (y)−ui (x1))(uj(y)−uj(x2))∂i∂jϕ(y)dy | ≤

∫
|y−x |>5r

...+

∫
|y−x |<5r ....

For the first term use:

|y − x | > 5r ⇒ |∂i∂jϕ(y)∥ ≤ Cr

|y − x |d+1
⇒∫

|y−x |>5r
...... ≤ C (∥u∥α)2

∫
|y−x |>5r

|y − x1|α|y − x2|α
Cr

|y − x |d+1
dy

The second is bounded by the sum of two terms of the same order (for
k = 1, 2)∫

|y−x |<5r
(ui (y)− ui (x1))(uj(y)− uj(x2))|∂i∂jG (y − xk)|dy

≤ C (∥u∥α)
∫
|y−x |<5r

|y − xk |α
1

|y − xk |d
dy .

And the estimate follows.
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A ”Boundary” contre exemple

Shows that the standard regularity, Onsager type C 0,α , 1
3 < α < 1

2
hypothesis on the fluid are not by themselves sufficient to define ∂n⃗p on
∂Ω .

In R+
x × Ty U(x , y) = (u(x , y), v(x , y)) and y 7→ θ(y) ∈ D(T)

u(x , y) = − lim
N→∞

∑
0≤k≤N

2−αk sin(2kπx) cos(2kπy) ,

v(x , y) = lim
N→∞

∑
0≤k≤N

2−αk cos(2kπx) sin(2kπy) ,

1

x

∫
u(x , y)2θ(y)dy =

1

x
lim

N→∞

∑
0≤k≤N,0≤l≤N

2−α(k+l) sin(2kπx) sin(2lπx)∫
cos(2kπy) cos(2lπy)θ(y)dy .
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A ”Boundary” contre exemple

Modulo the non resonant termes:

1

x

∫
u(x , y)2θ(y)dy =

1

2x
lim

N→∞

∑
0≤k≤N

2−2αk(sin(2kπx))2
∫

1 + (cos(2k+1πy))2θ(y)dy +R1

=
1

x
lim

N→∞

∑
0≤k≤N

2−2αk(sin(2kπx))2
∫
θ(y)dy +R2

As a consequence inserting the value xK = 1
2K+1 in the above sum one has:

1

xK
|
∫
(u(xK , y))

2θ(y)dy | ≥ 2K(1−2α)|2
∫
θ(y)dy | .

The normal derivative of (u · n⃗)2 hence of p is not defined on ∂Ω and also
on any sub manfold of Ω .
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A well adapted very weak boundary condition for the pressure:

Ω is an open set with a smooth ( C 4 boundary ∂Ω . )

d(x , ∂Ω) < δ ⇒ d(x , ∂Ω) = ∥x − x∥ , x ∈ ∂Ω

x 7→ x ∈ C 2(Ω) , x 7→ d(x , ∂Ω) ∈ C 4(Ω) .

Introduces a boundary layer localisation:

x 7→ ϕ(x) ∈ C2(Rd) ,

d(x , ∂Ω) > δ ⇒ ϕ(x) = 0 ,

d(x , ∂Ω) <
δ

2
⇒ ϕ(x) = 1 ,

−∆
(
p + ϕ(x)(u · n)2

)
= (∇⊗∇) : (u ⊗ u)−∆(ϕ(x)(u · n)2) in Ω,

∂n
(
p + ϕ(x)(u · n)2

)
=
(
u ⊗ u

)
: ∇n

in a very weak sense: in H−2(∂Ω× (0,T ))) .
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A well adapted very weak boundary condition for the pressure:

−∆P = (∇⊗∇) : (u ⊗ u)−∆(ϕ(x)(u · n)2), (7)

which is satisfied in the sense of distributions. In particular, it means that
for test functions ψ ∈ D(Ω)

−
∫
Ω
P∆ψdx =

∫
Ω
uiuj∂i∂jψdx −

∫
Ω
ϕ(x)(u · n)2∆ψdx . (8)

−∆P = (∇⊗∇) : (u ⊗ u)−∆(ϕ(x)(u · n)2), (9)

which is satisfied in the sense of distributions. In particular, it means that
for test functions ψ ∈ D(Ω)

−
∫
Ω
P∆ψdx =

∫
Ω
uiuj∂i∂jψdx −

∫
Ω
ϕ(x)(u · n)2∆ψdx . (10)

InH−2(∂Ω× (0,T ))) , ∂nP =
(
u ⊗ u

)
: ∇n on ∂Ω, (11)

As a consequence P belongs to C 0,α and since (u ⊗ u) belongs to the
same space one has also for α > 1

3 p ∈ C 0,α . C.B. D. Boutros, E. Titi,
arXiv:2304.01952. 2023.
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Navier-Stokes

•Adapted to the description of boundary effect, including incoming flux.
•The simplest but the most rigide boundary is the no slip boundary
condition uν = 0
•For small (realistic ν → 0+ ) and convergence to solution of the Euler
equation the tangential component of the velocity does remain equal to 0
A boundary layer appear and Prandlt 1905 (the main model of further
boundary layer analysis over the past century).
•This boundary layer is related to generation of “turbulence / anomalous
energy dissipation.”
•However Prandlt-Von Karman 1930 observed that the turbulence is
generated in a domain of size ν <<

√
ν .

•Below comparison at the level of initial valuee problems with smooth
solutions of the Euler equation, “lipschitz” for the absence of anomalous
energy dissipation and analytic for sharper analysis.
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The B. Titi version for 1984 Kato Theorem

E. Titi and C.B. An avatar Kato Thoerem , based on simple Gronwall
estimate .

Theorem

( In dimension 2 and 3) Let u be weak solution to the Euler equations in
[0,T ]× Ω satisfying ∥∇u∥L∞([0,T ]×Ω) <∞. Consider (ν > 0 , uν) Leray
weak solutions to the Navier-Stokes :

1

2
∥uν(t)∥2L2(Ω) + ν

∫ t

0
∥∇xuν(t)∥2L2(Ω)dt ≤

1

2
∥uν(0)∥2L2(Ω) (12)

uniformly in ν → 0. Assume that their vorticity ων = ∇⊥ · uν satisfies

lim sup
ν→0

(
−
∫ T

0

∫
∂Ω
νων(t, σ)u(t, σ) · τ(σ)dσdt

)
= 0, (13)

then any uν , which is a weak−∗ limit in L∞([0,T ]; L2(Ω)) of a
subsequence uνj as νj → 0, satisfies the stability estimate (and

convergence for uν(0)− u(0) = 0).

∥uν(t)− u(t)∥2L2(Ω) ≤ e2t∥∇u∥L∞([0,T ]×Ω)∥uν(0)− u(0)∥2L2(Ω). (14)

d

dt
∥(uν − u)∥2 + ((u − uν)(∇u +∇ut)(u − uν)) + ν(∇uν ,∇uν)

= ν(∇u,∇uν) +

∫
∂Ω

(ν∂n⃗uν , uν − u)dσ .
(15)
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The B. Titi version for 1984 Kato Theorem

For the Kato Theorem it is enough to have

lim
ν→0

ν

∫ T

0

∫
∂Ω

(
(
∂uν
∂n⃗

(σ, t))τu(σ, t)

)
−

dσdt = 0

1
! ! !" 

Laminar regime

Prandlt Boundary layer Recirculation and TripleDeck ansatz.
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The B. Titi version for 1984 Kato Theorem

Equivalents of Kato theorem:

∀w(x , t) ∈ L∞((0,T )× ∂Ω) with w · n⃗ = 0 ,

lim
ν→0

ν

∫ T

0

∫
∂Ω

(
∂uν
∂n⃗

(σ, t))τw(σ, t)dσdt = 0 (16)

lim
ν→0

ν

∫ T

0

∫
∂Ω

((
∂uν
∂n⃗

(σ, t))τuτ (σ, t))−dσdt = 0 (17)

uν(t) → u(t) in L2(Ω) uniformly in t ∈ [0,T ] , (18)

uν(t) → u(t) weakly in L2(Ω) for each t ∈ [0,T ] , (19)

lim
ν→0

ν

∫ T

0

∫
Ω
|∇uν(x , t)|2dxdt = 0 , (20)

lim
ν→0

ν

∫ T

0

∫
Ω∩{0<d(x ,∂Ω)< ν

2
}
|∇ ∧ uν(x , t)|2dxdt = 0 . (21)

lim
ν→0

1

ν

∫ T

0

∫
Ω∩{ ν

4
<d(x ,∂Ω)< ν

2
}
|uν(x , t)|2dxdt = 0 . (22)
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Short time analytic stability

Next our purpose is the most possibly direct proof of (13) for short time
assuming that boundary of the domain and initial value of the solution are
analytic and confirming the role of curvature in the loss of stability.

Theorem

Let u0(x) be an initial data that is analytic up to the boundary ∂Ω and
vanishes on the boundary. Then, there is a positive time T , independent
of ν, so that the unique solutions uν(t) to the Navier-Stokes problem
satisfies the estimate

lim
ν→0

√
ν∥ων∥L∞([0,T ]×∂Ω)) <∞. (23)
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Short time analytic stability

Proof based on the extension to any domain with analytic curved
boundary the following recent tools .

1 C. R. Anderson Vorticity boundary conditions and boundary vorticity
generation for two-dimensional viscous incompressible flows. J.
Comput. Phys. 1989.

2 Y. Maekawa, On the inviscid limit problem of the vorticity equations
for viscous incompressible flows in the half-plane. Comm. Pure Appl.
Math. (2014).

3 T.T. Nguyen and T.T. Nguyen. The inviscid limit of Navier-Stokes
equations for analytic data on the half-space. Arch. Ration.Mech.
Anal., 2018.

4 The release of the analyticity hypothesis away from the boundary I.
Kukavica, V Vicol and F. Wang, Arch. Ration. Mech. Anal. (2020).

5 A well adapted localisation (geodesic) for the C 0α regularity of the
pressure near the boundary (B. and Titi 2022, extended to 3d with D.
Boutros)
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The Anderson Maekawa boundary condition

On ∂Ω with ∂n = τ · ∇⊥ one has , with (−∆)−1 inverse of the Dirichlet
Laplacian:

0 = τ · ∂tu = τ · ∇⊥∆−1∂tω = ∂n[∆
−1(ν∆ω − u · ∇ω)] (24)

With Dirichlet Neumann operator and n⃗ interior normal

ω∗ = ω on ∂Ω ,−∆ω∗ = 0, in Ω DN(ω) = −∂nω∗, on ∂Ω,

∂n[∆
−1∆ω] = ∂n[∆

−1∆(ω − ω∗)] = (∂n + DN)ω .
(25)

(∂nων + DNων) =
1

ν
∂n⃗∆

−1(u · ∇ων) ,

∂tων + uν · ∇ων − ν∆ων = 0 .
(26)
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The Anderson Maekawa boundary condition

Remark

The standard energy estimates :

d

dt

1

2

∫
Ω
|ων(x , t)|2dx + ν

∫
Ω
|∇νων(x , t)|2dx

=

∫
∂Ω
νDNωνωνdσ + ∂n⃗∆

−1(uν · ∇ων)dσ

(27)

indicates that the problem is ill posed even for ν > 0 in any Sobolev space.
However it is well posed in space of analytic functions. And ων is analytic
in (t > 0,X + iY ,X ∈ Ω× Y ∈ R2) while the solution of the Euler
equation with analytic initial data is also analytic for

t ≥ 0,X + iY ,X ∈ Ω× |Y | ≤ Ce−CeCt .

This is why such formulation may be well adapted (Anderson) for
numerical computations (smooth data, small Reynolds number).
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The Anderson Maekawa boundary condition

For proof decompose ων in ωb
ν = ϕbων defined in (θ, z) ∈ R/(ZL̃)× R+

z )
and ωi

ν = ϕiων of compact support in R2

Boundary

Boundary
Interior

Interior Solution Boundary Layer Solution
Interior

δ0 /2 δ0 δ0 +2ρ0 Ωρ ⊂Ωδ0 

ℑz

ℜz
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The Anderson Maekawa boundary condition

Changing t into λ2t one has for rescaled variables (θ, z) ∈ R/(ZL̃)×R+
z :

∂tω
b
ν − ν∆ωb

ν = −νλ2(m(z , θ)∂2θω
b)− λ−2ubν · ∇ωb

ν + K1(λ)

ν(∂nω
b
ν + |∂θ|ωb

ν ) = λ−1[∂z∆
−1(ub · ∇ωb

ν )]− νB(ων) + K2(λ) .
(28)

The role of λ is to ”flatten ” the curvature near the boundary where an
explicit half space form of the Stokes kernel is used. In the change of
variables θ 7→ λθ the curvature is changed into λ3γ(λθ) this makes appear
the coefficient λ2 in front of λ2m(z , θ)∂2θω

b which then can be dominated
by the laplacian. This goes very well with the observation of vortices
generated in the fluid by curved boundary ”Gortler Vortices”.
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played a relevant role in our investigation. Some of them are reported
and briefly commented on in this section.

The sheet RCIN 912660 is composed of two parts. In the
upper part, there are drawings of flow past a free-surface piercing
plate as reported in the picture on the left in Fig. 4. In this drawing,
Leonardo reproduced the complex motion of the free surface in a
detailed way, highlighting some flow features, such as the genera-
tion of vortical structures linked to breaking wave phenomena. As
many scholars have remarked, the surface motion resembles curly
hair as in his drawing representing the “Head of Leda” (sheet
RCIN 912518, see right-hand part of Fig. 4). Leonardo observed
the motion of the water surface and identified two components:
one which follows the main current, while the other forms the lines
of the eddies.

This decomposition can be linked to the modern meaning of the
term “turbulent flow” coined much later in 1883 thanks to the experi-
ments of Osborne Reynolds.20,36 In Reynolds’ work, the transition
from laminar to turbulent flow is identified thanks to the dimension-
less number that bears his name and represents the ratio between iner-
tial and viscous forces. Once a turbulent flow regime is established, the
velocity field can be decomposed into two parts: one represents a time
averaged component and the other contains the high frequency

chaotic fluctuations. The latter are related to the action of turbulent
eddies. It is worth noting that in his paper,36 Osborne Reynolds repre-
sented the turbulent flows observed in his experimental apparatus by
means of drawings, using Leonardo’s approach (see Fig. 5). In this arti-
cle, Reynolds made the following comment on this sketch: “On view-
ing the tube by the light of an electric spark, the mass of colour
resolved itself into a mass of more or less distinct curls, showing
eddies.”

The bottom part of the sheet RCIN 912660 contains the drawing
that is the subject of the present work (picture on the left in Fig. 6): the
fall of a stream of water from a sluice into a pool in which the multiple
layered vortices are seen extending far below the surface, and where
entrapment of air and the subsequent upward movement of air bub-
bles is also evident. From this drawing and the notes reported along-
side, it is clear that Leonardo focused his attention on the air–water
interactions, as he wrote,

“the beautiful movements which result from one element [air]
penetrating another [water].”

This drawing exemplifies da Vinci’s ability to fix on paper all the
features of a complex unsteady flow motion that he observed.

FIG. 3. Left: Leonardo’s original note on the Codice Atlantico, CA 201 V (74 v.aþ 74 v.b) c. 1505-6 (inverted horizontally because of Leonardo’s direction of writing from right
to left), first column where the word “turbulence” (highlighted in red) is used in a fluid dynamics context. Right: Translation of the note on the left by Macagno (University of
Iowa).23

FIG. 4. Left: Leonardo’s drawing of the flow past a pierced inclined plate. Upper part of the sheet RCIN 912660. Right: The Head of Leda (c.1505-08) (sheet RCIN 912518).
Royal Collection Trust Copyright Her Majesty Queen Elizabeth II 2021.
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Pierre Gilles Many thanks for friendship contributions and patience.
Best wishes for continuation.
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