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The Vliasov-Navier-Stokes equations (VNS)

[ fr+v-Vyf+divy(f(u-1))=0 in R, xR3 xRS,
(VNS) < ut+u-qu—Axu+VxP:fR3f(v—u)dv in Ry xR3,
| divyu=0 in Ry xRS,

Distribution of particles . f= f(f,x,v) e R..
Fluid velocity field : = u(r,x) e R,
Pressure : P=P(1,x) R,

Kinetic variable : veR’.

Space variable : xeR°.

Time variable : reR..

Brinkman force : fgf(v—u)dv.
R



Basic relations

 Energy balance :

d . 1 9 12
%E0+Do—0 with Eo.—Ellulle(Ri)+§|||V| SN @3 xm3)
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and DO-_ ||Vu||L2(R;;;C)+|||M V| fl'Ll(RixR%Y

o Continuity equation : the density p(r,x) ::ff(t,x, v)dv and mo-

mentum (7, x) ::fvf(t,x, v)dv satisfy 0;p+divj=0.

« Mass conservation : [p(9)ll;1 = Mp:=lpol 1.

e Formula for the distribution of particles :

f(t, x, v):e?’tfo(X(O; L,x,v);V0;t,x,v) with (X,V) flow of (v, u—v).



Weak solutions theory

Theorem (Boudin, Desvillettes, Grandmont and Moussa, 2009). Let

foe LT3 xR with |vf°foe LYT3xR%), wupeL?T®) with divuy=0.
Then (VNS) admits a global-in-time distributional solution verifying
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Eo(t)+f() DOdTSEO,O-—EHUOHLZ(R?C)+§“|V| fo”Ll(RixR%)’ a.e. teR..

e A similar result holds true in R?, T2, R3, and in bounded two or
three-dimensional domains.

e In dimension two, weak solutions are unique (Han-Kwan, Miot,
Moussa and Moyano, 2020).



Goal of the talk

« Constructing global-in-time unique solutions in the R® case under
a ‘critical’ smallness condition.

e Specifying the long-time behavior, in particular the rate of con-
vergence to 0 of the energy Ey and the limit of the distribution of

particles f.

State of the art: uyc H'(R%) + some positive Besov regularity —+
strong localization of fy + smallness. Global existence and almost
optimal decay rate of £; are proved, and [ — p®d,—9 (Han Kwan '22).

Aim: only H' regularity (H'? is enough), proving optimal decay and
pointing out that p®d,-, Is a better approximatiom of f.



Theorem (R.D. 2024). Let uge L' (R n H' (R®) with divug =0,
foe L XxR)NLPM®S xRy  and  |v|°foe LY R, LP®3)).

There exists a small constant ¢, depending only on |lugl 13y and on
norms of fy such that, if

||u()||ill(R3)+ff|U|2fodvdeC(),
then (VNS) admits a unique global solution (f,u,P) satisfying Vi >0

Eo(t)+fotDodT=Eo,o and If(D1@s3xr3) = Mo:=lfoll 11 (@3 xp3)
and such that:
e ueERy; HHYNL*(Ry;L™®), Vue L'(R,;L™),
o VPV?ue LR, xR3),

o FEL Ry LR xRY), [0 f € L®R; L (R3; L°(RY)).

loc



Asymptotic behavior

Theorem (R.D. 2024). The following ‘heat-like’ time decay esti-
mates hold for £y and £ := ||Vu||iz+f flu—vi*dxdv:

Eo(H) < Co(l+apt)™'? and Ej(0)<Ci(1+ain >
Furthermore, there exists j.., in L'(R%) such that

and we have

1 = pw) (Dl 1+ WL(f (1), () ® S y=yy() < Cot '

where the Wasserstein distance Wi(u,v) is given by

Wi (u,v) :=sup{ff<bdu(x, U)—ff(bdv(x, V), peCOLREXR®), Vil = 1}-



Proof of the asymptotic behavior
It is based on the fact that Ey(1) < C;(1+ajt)~°/2.

By definition of p(r) and of the Wasserstein distance W; between (1)
and p(1)®d,), and of p(1), we have

Wi(f(0),p(H)®5,(p) =  sup ff(t,x,v)(qb(x,v)—(/b(x,u(t,x)))dvdx.
IV x,vpll oo=1

For all function ¢ with |V, 70 =1 we can write:
fff(t,x, v)(c/)(x, v)—gb(x,u(t,x)))dxdvSfff(t,x, V|lv—u(t,x)|dvdx

1/2
s(fp(t)dxf f(t)lv—u(t)lzdvdx)
<v/MyE (1) < Co(1+agt) '

Similarly, ||j(t)—(pu)(t)||L1Sf fOlv—u®|dvdx </ MyE (t) < Co(1 +agt) >



The main steps leading to the global existence

1. Basic energy balance 4E+Dgy=0.

2. Higher order energy inequality (pointwise control of E;:= Dy and
of E2z||ut||iz). Requires p bounded and Vue L'([Ry;L™).

3. Control of |pl;e assuming that fye LI([R}; L®[R3)) and that

0.0
(Lip) f IVulljodt <1/9.
0

This follows from Han-Kwan, Moussa and Moyano's paper.

4. Proving optimal time decay of £y and of Ej.

5. Proving (Lip): follows from Steps 2 and 4, and interpolation.

In contrast with NS, our approach requires uge LP for p=1.



The basic energy balance

d . ._1 2 1 2
%E0+D0_0 with Eo.—ngglul dx+5fR3X@3|v| fdxdv

and DO::f |Vu|2dx+j Iv—ulzfdxdv.
R3 R3 xRS



Control of higher order energy functionals : step 1
1 1
Aim: Getting a global control of E1::§f|Vu|2+§ff|v—ulzfdxdv.

« A priori assumption: p is bounded and Vue L'(R,;L>).

Take scalar product of velocity equation with u;:

1d
EEIIVuIIiZHIutIIiZ:—f(u-Vu)-utdx+ff ur-(v—wf)dvdx.

Basic computations (like IPP) give

ffut-((v—u)f)dvdx:—%%ffIv—ulzfdvdx—ffflv—ulzdvdx

+fff(v—u)-(u-Vu)dvdx+f fv—u)-(v—u)-Vu)dvdx.



Hence £, and 151::f|u,;|2dx+fff|v—u|2dudx satisfy

%E1+l~)1:—f(u-Vu)-utdx+fff(v—u)-(u-Vu)dvdx+fff(v—u)-((v—u)-Vu)dvdx.

The r.h.s. is bounded by Young, HOlder and Gagliardo-Nirenberg
inequalities. Denoting U:=||Vul ;o and R:=max(l,|pll;=), we get

d ~ _
—FE1+ Dy <€|V7ull7,+ CUE +Ce™ ' R*|Vul®, for all £>0.

dt
To bound ||V2u||iz, we use elliptic regularity of the Stokes system:
—Au+VP:—ut—u-Vu+ff(v—u)dv, divu = 0.

Choosing =R~ and setting D, := %ﬁﬁ—ﬁllvzu,vplliz, we get

d
—E1+ D1 < CUE + CR’DyE-.

Gronwall yields all-time control if E;g<1, R<oo and Ue L'(R,).



Control of a higher order energy functional : step 2

To get a relation interrelating

Ez:=D1=||ut||i2+fff|u—u|2dudx and  Da:=IVull, +ly/purls,

take the scalar product of u; with
Urr+u-Vur+VPr—Aur+pus+ ut-Vu:f(u—v)(v-fo)dv+f(v—u)fdv.

A For LL()EHl, Utlr=0 QLZ.

Parabolic scaling: /tV, is of order 0 ~» we look at rF>. We get:

d
E”EZ) + 1D, +f flv—ul*dvdx < 24RD; +2(1+ | myll ;=) tDy

+Cllpll7~Do(tE)* + Cllpll 1~/ RDoDy tEy + (21 Vull 1~ + Cllpll 1~/ RDo D1 ) t Es.



Control of the L*° bound of the density
We follow Han Kwan-Moussa-Moyano: let Z = (X, V) satisfy the ODE:

oV (s;t,x,v) =u(s; X(s;t,x,v)) = V(s;t,x,0)
X t,x,v)=x and V(tt,x,v)=r.

Since fi+v-Vyf-3f+wu—-v)-V,f=0, we have

{ 0, X(s;t,x,v)=V(s;t,x,V)

f(t,x,v) = fo(X(0; 1, x,v), V(0; £, x, 1)),
and thus
o(t,x) :fgf(t,x, v)dv:egtfgfo(X(O; t,x,v),V(0;t,x,v))dv.
R R
Change of variable : 7; is a bi-Lipschitz diffeomorphism on R’ x R?,

but what about I'yx:v—V(0;t,x,v) ?

(Llp) implies detDUFt’x233f/2, and thus P(t;x)52||f0||L1(R%;LOO(R§C))-



Final a priori estimate

Use the following combination of (Ey, Dg), (Ey,D1) and (E», D»):

E(1): =22+ |mollfoo) (tE1 (1) +2Eg(2)) + 25RE (1) + tE> (1)
and  2(t):=2(1+ ||[malljo)Do(t) +2tD1(t) + RD1(t) + tD2(1).

We get

d
%é‘#@sC(Ué“’+@£’+||p||%ooDoé"2) with  U:= ||Vl peo.

Use also flow estimates and Gronwall lemma to conclude that, if
(Lip) is satisfied and &, small enough, then

r
&)+ fo D dt < C(1+1K0) foll 11 g, ooy | (14011 + f f folv? dvdx)eCEoo.

Last difficulty : how to ensure (Lip) 7

LLack of time integrability : we need to prove more decay for u.



Proving decay by Nash’ argument
1. We need an energy balance : £+ =<0;
2. the control of a ‘lower order’ functional A < Ap;
3. an interpolation inequality: £ <c#% 4179 for some 6 ¢ (0,1).

Setting co:=C Y10 we get

d 176
— %L+ ' <0,
dr 0

whence

1-6 1-0 )—%

££(t)s££(0)(1+ 0L Tt



Application to the Navier-Stokes equations

The energy balance involves £ = |ul%, and 7 = |[Vull?,.

Interpolation inequality: lull 2 < Cllull 7> IVull5.
If it is true that [[u(D)ll;1 = Cllugll;1 then one can take A =|ull;1 and get
2 2 -3 4/3
lu(dl3, < luol,(1+a0t) ~~ with — ag=colluol}f’. (1)
Furthermore, from the energy balance,

d _
d—t(l +aot) lul + (1+ agt) IV ull?, < Bag(1+ aot)” 1 ul?.

Integrating and using (1) gives f (1+aot)"IVul?. dt < Cglugll?. for all p<3i2.
R,

One cannot take L' norm, but for finite energy solutions, we have:

2
| M(t)||32—3/2 < C(| uoll g-3r2 + | M0||L2)'
,00 2,00



Application to (VNS)

Take & =Ey, Ey, A =Dy, Dy, N = IIMIIB 3/2 to get

(1+ag)** T E; (t)+f (1+aor)“+]D dt<CEjy j=01, a<3/2.

Since us—Au+VP=-u-Vu+ [ f(v—u)dv, we have

lul g <l g+ |uvas [ fo-wan]
L®(R4;B, 2) B, 2 L'R+;B, )
By embedding and Cauchy-Schwarz inequality,
1/2
_ < _ o 1 — 1yl
o=t 3 el =t [ st s = o

Difficulty: we only have L%-in-time integrability, while we need ..

~» first prove a non optimal decay estimate, then bootstrap to get

the desired exponent.



The Lipschitz bound
Use inequality |Vu| e < VZul,s1 and elliptic regularity in L>! for:

—Au+VP:—ut—u-Vu+ff(v—u)dv, divu =0,
to get

o0 (0@
fo ||Vu||Loodt§fo (||ut||L3,1+||u.Vu||L3,1+Hff(u—u)du”ml)dt. (2)

Use an interpolation inequality and the definition of Dy and D»:

)1/4

Nl 3 S Nl 2NV U152 < Y4+ aon) B8 (0 agn®'? D) (D) V4,

2 I2
By HOlder inequality, we thus get,

0o 0o - \1/2, poo . 1/4, (oo 1/4
f el dt < (f 7121+ agr) "8 dt) (f (1+ apt)®’? Dldt) (f tD, dt)
0 0 0 0

< Co&y'>.

The other terms of (2) may be treated similarly.



Extension of the main result to the critical regularity setting

e« The main result holds (with the same decay estimates) if uy belongs
to the critical Besov space Bj'%.

o Fujita-Kato type theorem: ug just belongs to HY2, A stronger lo-
calization of fy is needed (as in prior papers by Han Kwan et al).

In both case, the proof stems from the facts that:

e the regularity of 1y and enough smallness suffice to have existence
of a strong solution on a time interval of size 1;

e the velocity is instantaneously smoothed out, and one can find some
foe [0,1] for which Ej(ry) is small;

« we have uniqueness of the solution (more difficult in the H'/? case).



