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Nonlocal porous medium equation

The porous medium equation with the nonlocal pressure

pr + (pu)x =0 with u, =A%

Biler, Karch, Monneu (2010)
Caffarelli, Vizquez (2011)
Biler, Imber, Karch (2015)
Stan, del Teso, Vazquez (2018)
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Explicit solution - Barenblatt profile

The explicit self-similar solution of the porous medium equation with the nonlocal
pressure
pe+ (pu)x =0 with uc =A%

if given by the formula

1 X
p(x, t) = f/(1+a) ® (tl/(1+a))
where the profile is given by the Getoor function

o3
2

p(x,1) = d(x) = K(a, 1) (1 - |x|2)

+
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Getoor function

o(x) = K(a, 1) (1 - |x|2)j

It was proved by Getoor (1961) that
1 fi 1
A" D(x) = { : or Xl <1,

H(x), for |x|>1,
where

- (5] ) (24 )

and F(a, b, ¢, x) is a hypergeometric function.
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Subject of this talk

Global-in-time solutions and their large time behavior of the following Euler Alignment
system

Pt + (pU)X = 0’
xeR, t>0,
et un = [ ply =)y ) - ulx, 0)oly, ) dy,
R
with the singular interaction kernel

1
p(x) = FED for some « € (0,1)

and supplemented with suitable initial conditions.
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The model
143 + (pU)X = 07

x €R, ,
(pu)e + (pu)s = / oy — ) (uly. 1) — (e B) (o Doy Bydy, < E70

with a sufficiently regular interaction kernel ¢(z) (radial and positive) arises as the
macroscopic realization of the Cucker and Smale (2007) agent model dynamics

N
1
Xil: Vi, mVil: NZSOUX'*XJ')(VJ*VI)?
j=1

which describes the collective motion of N individuals in particular alignment and
flocking.
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pe+ (pu)x =0,
ut—l—uux—/ y —x)(u(y, t) — u(x, t))p(y, t)dy,

References (regular kernel)
@ Tadmor and Tan (2014)
e Carrillo, Choi, Tadmor, Tan (2016)

References (singular kernel)

@ Shvydkoy, Tadmor (2017) o € (1,2), global smooth solutions

o Do, Kiselev, Ryzhik, Tan (2018), a € (0, 1), global smooth solutions

o Danchin, Mucha, Peszek, Wréblewski (2019), « € (1,2), N-dimensional case
Lear, Shvydkoy (2020), « € (0, 2), global smooth solutions, N-dimensional case

Compactly supported p(x,t) >0 7?
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The Euler alignment system
pt + (pu)x =0,

1 XER, t>0,
=/ — Jt) —u(x,t , t)dy,
ue + uu /RIy—XIHO‘ (uly, t) — u(x, 1)) p(y, t) dy

can be written, by using the relation

(u(y) = u(x))p(y) = u(x)(p(x) = p(y)) — (u(x)p(x) = u(y)p(y))
and the definition of the fractional Laplacian

Nr = [ I T0)

in the form
143 + (pu)x = 07

x€eR, t>0.
ue + u(ux — N%p) = =A\%(pu),
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Equivalent formulation

System
143 + (pu)x - 07

x€eR, t>0,
ue + u(ux — N%p) = —A%(pu),

can be expressed also in the following formally equivalent form

143 + (Pu)x = 07
Gt + (Gu)x =0, x€eR, t>0.
ux —Np =G,

G. Karch Euler Alignment system Jeudi 7 novembre 2024 9 /40



Nonlocal porous medium equation

For G =0, the system

Pt + (pu)X = O)
G: + (Gu)x =0, x€R, t>0.
ux—Np =G,

reduces to the porous medium equation with the nonlocal pressure

pe + (pu)x =0 with ue =A%
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Barenblatt profile

The explicit solution of the equation
pe+ (pu)x =0 with uc =A%

if given by the formula

1 X
p(x,t) = /0 ® (tl/(1+a))
where the profile is given by the Getoor function

o3
2

p(x,1) = &(x) = K(a, 1) (1= |xP)

+

Thus
X
u(x, t) = U (7t1/(1+a)) :
where

u(x,1) = a5 'A“d(x)
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Self similiar profiles

d(x) A®(x) U(x) = 07 1A*d(x)
20 2.0 20
0.0 m 0.0 o.o\/\
20 2.0\\ (/ 20
20 00 20 20 00 20 20 00 20

plx;t) = £1/(1+a)

X X
® (tl/(1+a)) ’ U(X’ t) =V (tl/(1+oc)) )
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Problem description

We study two systems

(UpG):
(Up):
pr + (pu)x =0,
143 + (Pu)x - 07 ‘ ( )
«a « G: + (GU)X = 07
us + U(Ux -A p) =-A (pu)7 a
u—Np =G,

for x € R and t > 0 with initial conditions

po € L(R) N L'(R), up € L®(R), Go € L™(R) N L*(R).
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Weak solution of (Up)

A couple (u, p) is a weak solution of system (Up) with initial conditions

po € L=(R) N LY(R) and up € L=(R) if
o u€ L=([0,00) x R) and p € LP([0, T], LY(R)) for all p,q € (1,00) and T > 0,
e ue C([0, T],LY([-R,R])) foreach T >0, R >0, and g € (1/(1 — a),0),

@ The following equations holds true

/ /pgptdxdt—/pocp(-,O)dx—f—/ /pugaxdxdtzo7
o JRr R o Jr
/ /ucptdxdt—/uocp(-,O)dx—i—/ /upAacpdxdt
o Jr R
/ / w — N*p)pdxdt =0

for each p € C°(R x [0,00)).
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Weak solution of (UpG)

A triple (u, p, G) is a weak solution of system (UpG) with initial conditions

po, Go € L=(R) N LY(R) if
o ue L>([0,00) x R) and p, G € LP([0, T], L9(R)) for all p,q € (1,00) and T > 0,
e ue C([0, T],L9([—R,R])) foreach T >0, R>0and g € (1/(1 — @), 0),
@ The following equations hold true

/ /pgotdxdt—/pogo(-,O)dx—l—/ /pugpxdxdt:O,
o Jr R o Jr
/ /G(ptdxdt—/Goap(-,O)dx+/ /Gugpxdxdt:O,
o Jr R o Jr
—/ /ugpxdxdt—/ /p/\“godxdt:/ /Gwdxdt
o Jr o Jr o Jr

for each ¢ € C°(R x [0,00)).
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Existence of weak solutions
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Existence of solutions for o € (0, 1)

A solution is obtained as a limit of solutions to the regularized system

Pt + (p7u%)x = epis,
Gi + (G°u®)x = eGg, xeR, t>0,
Lli =G+ ozp57
with € > 0 and supplemented with the initial conditions
p°(x,0) = po(x) € L=(R) N L'(R)
G*(x,0) = Go(x) € L™(R) N L'(R)

satisfying

0 < Go(x) < apo(x) forall x € R and some fixed a > 0. J
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Existence of solutions

Assume that there exist a > 0 such that
0 < Go(x) < apo(x) for almost all x € R.

There exist (p, u, G) which is a weak solution with the following properties for each
t>0:

@ The estimate ||u(-, t)]|oo < ||to]|oo-
@ Comparison principle: p(x,t) >0, 0< G(x,t) < ap(x,t)

© LP-estimates and decay
*IIG( tllle < llp(; 1)l < llpoll,  for each p € [1,00].
and

2tpo (7“1)#
fIIG( e < llo(, )l < CMP2 e 0/ for each  p € (2,00).
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A priori estimates

We multiply first equation by p(,os)‘”1 and integrate

d £ £ £ £ — £ £ -
a/(p)pdx—kp/(pu)x(p)pldx:ep/pxx(p)pldx.
R R R

Next, we integrate the middle term twice by parts and we substitute the relation
u; = G° 4+ A“p® to obtain

d © <€ a €
® R
_ (P - 1) / (pE)P G®dx — Ep(p — ]_) /(pi)2 (pg)pfz dx.
" R
By the Strook-Varopoulos inequality:

2—1 el p2\ 2
il £\P < — =1 2(p°) 2
& [y ax< o [(M60F) ax

Next, for p > 2, we use

o P2\ 2 1 e p—1
/(/\ZP)PZ) > C—5r (/(P )de)
R 1 R
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Estimates of u® for o € (0,1)

Denoting
o v = [ vy,
the equation
Ui _ Aaps — G

can written in the form
U = aX—IGE +6){—1/\04 5’

under the assumption that lim u®(x) =0.
X—r— 00
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Estimates of u© for o € (0,1)

On the other hand, we also have

/\—aaxus — ATGE +ps

For arbitrary p € (1,1/a) and q € (p, ) such that 1/q =1/p — «, if G € LP(R),
p € LY(R), and ux = G + A*p in the sense of tempered distributions then A'=*u € LI(R)
together with the estimate

1IN ullg < C(IGll» + llolla)

G. Karch Euler Alignment system Jeudi 7 novembre 2024 21 /40



Passing to the limit

The families {p°}c>0, {G"}c>0 are bounded in the spaces C([0, ), L°(R))
For all r,p € (1,00) and each T >0

€k
Lo, 0 weakly in L'([0, T], L°(R)).

We pass to the limit with ¢ — 0

/ /p gotdxdtf/pocp( 0)d / psusgoxdxdt:s/ /p
o Jr 0
f/ /G Lpfdxdtf/Gogo( 0)dx — / Gsusgoxdxdt:es/ /ngoxxdxdt,
o Jr o Jr o Jr

—/ /usgoxdxdt—/ /psl\o‘godxdt:/ /ngodxdt
o Jr o Jr o Jr

for each ¢ € C° (R x [0, 00))

o dx dt,
R
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Passing to the limit

For each g € (1,00) and all R > 0 the sequence u® is uniformly bounded in
{0 }en0 € £2([0,o0), H~* (IR, R])
and by Aubin-Lions lemma

u®* — u strongly in  C([0, T], L([-R, R]))

We pass to the limit with ¢ — 0

/ /p gotdxdt—/pogo / /pauggpxdxdtze/ /pagpxxdxdt,
o Jr o Jr
—/ /G <ptdxdt—/Go<,0( 0)d / /Gsugwxdxdtza/ /G‘E@Xdedt,
o Jr o Jr o Jr
/ /u ox dxdt — / /pel\anpdxdt:/ /ngodxdt
o Jr o Jr

for each ¢ € C°(R x [0,00))
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Large time asymptotics
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For A > 0, denote

P (x, 1) = Ap(Ax, At),
G (x,t) = AG(Ax, At),

™ (x, t) = u(Ax, At).
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The rescaled solutions
P (x, t) = Ap(Ax, At), GM(x,t) = AG(Ax, At), u™(x, t) = u(Ax, At).
satisfy the following systems (in the new variables y = x/X and s = t/)\ )
,0;\ + (uXpA)y = 07
ud + M) — ATONPN) = AT ().
as well as
pi\ + (UAPA)y = 07
Gs)\ + (UAGA)Y = 07
uy = G+ XA,
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Rescaled problem

We consider system
P? + (U)\p)\)y = 07
G} + (bG*), =0, xeR, t>0,
u;‘ = G+ AN
supplemented with the initial conditions
P (x,0) = Apo(Ax) € L(R) N L'(R)
GM(x,0) = AGo(Ax) € L™(R) N L'(R)

satisfying

0 < bpo(x) < Go(x) < apo(x) forall x € R and some fixed a, b > 0. J
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Large time asymptotics

Assume the initial condition satisfies
0 < bpo(x) < Go(x) < apo(x) forall x €R

and some a > 0 and b > 0. The following properties hold true for all t > 0:
© The inequality is satisfied

bp(x,t) < G(x,t) < ap(x,t) forall x€eR, t>0.

@ There exist a constant C > 0 independent of p and t such that for all p € [1, 0]
andt >0

1 1
lo( B)llp < CMEETS5  and (|G-, £)], < CMEE 5.
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Proof - a priori estimate

The considered system
P+ (p7U")x = epis,
Gf + (G°uf)x = eGg,
u = G+ A,

The estimate
[0y === [ (7w ax
(1) / ()" G dx — ep(p — 1) / (%) (o) dx.

Now, by the Hdlder inequality with the indices g1 = p and g2 = p%l, we obtain

p—1

/R(pa)" dx = /R(/f)% (0°)P 7 dx < Mp% (/R ()P dx) ’
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There exist numbers C; = Ci(p, po) > 0 and G, = G(p, Go) > 0 such that for all A > 0
and all t > 0 the inequalities hold true

102G, 0lls < GEYP and (|62 0)llp < Got ™ and (- )leo < ol |

By the decay estimates, we obtain

12> G, o < IIAR(A Ao < (AE) /PN 22 o ()| < €72 o]

A\
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Scaling

A priori estimates

For each ti,t, > 0 and all r, p € (1,00) the families {p*}x, {G*}» are bounded in the
space L' ([t1, 2], LP(R)) and
A

—p o
G s G weakly in L"([t1, 2], L°(R)),

For each g € (1,00) each ti,t > 0 and all R > 0 the sequence v is uniformly bounded
in

{UA})\ <€ Loo([tla t2)a Hgia([_Ra R]))

and by Aubin-Lions lemma

u* = u strongly in  C([t1, t2], LY([-R, R]))
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Rescaled weak solution

*/ /pAsosdydsf/pétp(-,O)dy*/ /pkukvydyds:O,

0 R R 0 R

—/ /ukgasdyds—/uéap(-,O)dy—i—)\_o‘/ /uApA/\agpdyds
0 R R 0 R

+/ /ux(u;\—)\_a/\apx)tpdyds:o
o Jr

—/ /pxsosdyds—/péw(-,o)dy—/ /p*ukwydyds=0,
o Jr R o Jr
[ [ eedvas— [ Gt 0dy - [ [ 6w dyas—o,
o Jr R o Jr
o A —a e ApQ < A —
f/ /u pydyds — A / /p A godydsf/ /G pdyds =0,
o Jr o Jr o Jr

for each ¢ € C°(R x [0, 00)).

and
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Let (u, p, G) be a weak solution corresponding to the initial condition satisfying
0 < bpo(x) < Go(x) < apo(x) forall xeR

and some a > 0 and b > 0. For each r,p € (1,00) and q € (1/a, oo)
pk—p

GM -G
u — T strongly in C([tr, &2, LY([-R, R])),

weakly in L' ([t1, t2], L°(R)),

for all0 < t; < t, and R > 0, where (H, P, E) is a weak solution to systems

P+ (Up)x =0, P+ (Up)x =0,
G+ (WG)x =0, Uy + Uty = 0,
Ux = G,

with the the initial conditions

p(x,0) = M,do, 6(X, 0) = Mgdo,
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Limit profiles

The limit profiles are given by the explicit formulas

0, x<0,

x <0,
p(x,t) = 0 < x < Mpt,

T E(X7 t) =
0, x> M,t,

0,

s 0 < x < Mgt,
M(;, x> Mgt.

b X<07

G(X7t) ’ O<X<MGta

, x> Mgt,

O~k O
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Limit profiles

The rescalled solution
Ap(Ax, At) and  u(Ax, At)

converges for large A to the explicit functions T(x, t) and p(x, t) illustrated on the figures.

L5 2.0
1.5
1.0
1.0
0.5
0.5
0.0 —— E—— 0.0
-2 0 2 -2 0 2

G. Karch Euler Alignment system Jeudi 7 novembre 2024



Comments on the assumption

Initial conditions satisfy
bpo(x) < Go(x) < apo(x)

Since Go = (uo)x — A% po

bpo(x) + A% po(x) < (u0)x(x) < apo(x) + A%po(x)
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Plots of the Getoor function ®(x) and of A*®(x)

2.0 2.0

0.0 m 0.0——

-2.0 0.0 2.0 -2.0 0.0 2.0
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Plots of a®(x) + A*®(x) fora=5and a=1

10.0

5.0

0.0 w——*—\ FW
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Profile of U(x)

10.0 i,

5.0

0.0 SO

-4.0 2.0 0.0 2.0 4.0
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Thank you for your attention
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